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3
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[1] í [2].������î�ï

rank(A) ð�ñ�ò j�k A
��Þ�n�Û��

A′ ð�ñ�ò A
��ó�ô�j�k�����s

A
s�o�p���õ

ö�÷
A′ = A,

¢�s�r�o�p���õ ö�÷
A′ = −A.

���
A = (aij)

s����
n
����k�n ��� A

s�o�p��
 �â�ø� 

aij = aji,
¢�s�r�o�p��� �â�ø� 

aij = −aji,
¯�ù

i, j = 1, 2, · · · , n.

ú�û
1. ü A ý���þ F ÿ������ n �������	� n B ý���þ F ÿ������ n ��
������	� n��

A � B ý�
������	�����	����������� AB ý�
������ �
��� �����	��� ¶�· n¨y A′ = A

â
B′ = −B.

�������� �!�n¨y
(AB)′ = B′A′,

æ�"
(AB)′ = −BA. (i)Ç�i�n����

A
q

B
s�� ��� ��n��

AB = BA, ���	# (i) $ n�����y (AB)′ = −AB,
æ�"

AB
s

r�o�p����¨r�%�n¨���
AB
s�r�o�p���n¨�

(AB)′ = −AB, ���	# (i) $ n¨����y −AB = −BA,æ�"
AB = BA, &�' A

q
B
s�� ��� ���

(
A
q

B
á�)�s�*�+

F
Â������

n
��o�p�j�k í ��� n

��r�o�p�j�k
(n > 1).

��, (

A =













a11 a12 a13 · · · a1n

a12 a22 a23 · · · a2n

a13 a23 a33 · · · a3n
...

...
...

. . .
...

a1n a2n a3n · · · ann













â
B =













0 x12 x13 · · · x1n

−x12 0 x23 · · · x2n

−x13 −x23 0 · · · x3n
...

...
...

. . .
...

−x1n −x2n −x3n · · · 0













.
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cij
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A
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B
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��G

i
à�G

j H�I�J (i, j = 1, 2, · · · , n), K   i = j
¡�n¨y

cij = a1ix1i + · · · + ai−1, ixi−1, i − ai, i+1xi, i+1 − · · · − ainxin; 
i < j

¡�n¨y
cij = a1ix1j + · · · + aiixij + ai, i+1xi+1, j + · · · + ai, j−1xj−1, j − ai, j+1xj, j+1 − · · · − ainxjn; 

i > j
¡�n¨y

cij = a1ix1j + · · · + aj−1, ixj−1, j − aj+1, ixj, j+1 − · · · − aiixji − ai, i+1xj, i+1 − · · · − ainxjn.����L�Ê
1, ¸�H�M�N�O�P�Q A

q
B
s�� ��� �� �â�ø�  ¸�H 1

2
n(n + 1)

��� $ ��¡ O�P�Q
cii = 0

â
cij = −cji, i < j, i, j = 1, 2, · · · , n,�

c11 = 0, c22 = 0, c33 = 0, · · · , cnn = 0,

c12 + c21 = 0, c13 + c31 = 0, · · · , c1n + cn1 = 0,

c23 + c32 = 0, · · · , c2n + cn2 = 0,
. . .

...

cn−1, n + cn, n−1 = 0.��������R
A
� I�J�S�T�U *�n Û�R B
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�
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B
�

( V o�W�X�Â�� ) I�J s���\�] CX = 0
������b��

c Ôxjxk
C
�xàd*de

1

2
n(n+1), H *de 1

2
n(n− 1).

edfdgx�dhd_xn:�x�xÖx×�tx��i N � ¸ �
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1.
Â�_ [ Ø�X�é���\�] CX = 0
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�
q

n
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2. ü A ýx�xþ F ÿd�d�d� n �d�d�d�u� (n > 1), vxü C ý A �dwuxy�u� �{z B = (bij)

ý���þ F ÿ������ n ��
������	� n�� A � B ý�
������	�����	� B ��|��	}�~�ÿ������
b12, b13, · · · , b1n, b23, · · · , b2n, b34, · · · , b3n, · · · , bn−1, n

ý�����~�������� CX = 0 ������� �
L�Ê

2 ñ	� n¨��"�����b���\�] CX = 0,
¾�¿�q�o�p�j�k

A
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A
����*

n ��� ¡�n�¢���±�¿�j�k C í Ø�±�¿�j�k D
�����	� ����� � ¸���� ��� ð�S

S n¨  n = 3
¡�n

C
q

D � y�µ � ������e�f�g�����a�n¨��� F

A =





a b c

b d e

c e f





â
B =





0 x y

−x 0 z

−y −z 0



,

��� AB =





−bx − cy ax − cz ay + bz

−dx − ey bx − ez by + dz

−ex − fy cx − fz cy + ez



.

����L�Ê
1,
y

−bx − cy = 0, bx − ez = 0, cy + ez = 0,

ax − cz = dx + ey, ay + bz = ex + fy, by + dz = −cx + fz.������� n
bx + cy = 0, bx − ez = 0, cy + ez = 0,

(a − d)x − ey − cz = 0, ex + (f − a)y − bz = 0, cx + by + (d − f)z = 0.
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C =

















b c 0

b 0 −e

0 c e

a − d −e −c

e f − a −b

c b d − f

















â
D =





b c 0

b 0 −e

0 c e



.
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3. ü A =





a b c

b d e

c e f



.
z

C � D ����ý A ��w	x��	������w	x��	� n��

(1) rank(D) 6 2 � rank(D) 6 rank(C);

(2) � rank(D) = 1,
�

b, c, e �������	���� �����¡�¢�£�¤�¥
(3) � rank(C) < 2,

�
rank(C) = 0, ¦ C ý�¤��	��¥

(4) � rank(C) = 2 � rank(D) = 0,
�

a, d, f �������	���� �§���¨�¢�¥
(5) � rank(C) = 2 � rank(D) = 1,

� � b 6= 0 © n   (f − a)(f − d) = b2; � c 6= 0 © n  
(d − a)(d − f) = c2; � e 6= 0 © n   (a − d)(a − f) = e2.

(6) � rank(C) = 2 � rank(D) = 2,
�

b, c, e ª�¡�«�¤ n v��
a

b
−

c

e
=

d

b
−

e

c
,

a

c
−

b

e
=

f

c
−

e

b
,

b

c
−

d

e
=

c

b
−

f

e
.

��� �
(1)
��� q � ��¬�l�n A

��Ø�±�¿�j�k�e
D =





b c 0

b 0 −e

0 c e



.
¤�¥�­�®�n&à H�$ |D|

���
­�n¨æ�"

rank(D) 6 2.
è�Ø�n # � D

��ã�����¯ $ s C
������¯ $ n &�' rank(D) 6 rank(C).

(2)
� �

rank(D) = 1, �¬� b, c, e
m±°³²¬y¬�¬� � �¬�¬­¬n¨Û¬â

D
�³´¬õ¬t¬à¬o¬~ I³J³O��£��¨��s� 

b 6= 0
¡�n # D

� q t�à���µ�n
c = e = 0.

 
c 6= 0

¡�n # D
��G

1
à í G 3

à��
µ�n

b = e = 0.
 

e 6= 0
¡�n # D

��Õ�t�à���µ�n
b = c = 0.

(3)
���

rank(C) < 2, ���	# (1),
y

rank(D) < 2.
���

rank(D) = 1,
���

(2), b, c, e
¯�¶

��*�m�·�y���� � ����­�� ��, (
b 6= 0, ���

C =

















b 0 0

b 0 0

0 0 0

a − d 0 0

0 f − a −b

0 b d − f

















. (ii)

¸ õ�¹
rank(C) < 2, &�' C

��´�õ�t H o�~ I�J�O ��£��¨��s # C
� q t H ��µ�n b = 0.

¯�q
b 6= 0 º�» � '�º�»�ñ	� n rank(D) = 0,

�
b, c, e ¼ e�­��&Ç�i�n&��* 0 ½�¾ (ii) $ m�� b,

Û ¸ õ
¹

rank(C) < 2,
��� S ¹�n a − d, f − a, d − f

¯�¶���*�m�°�²�y�t�������­�� ��, (
a − d = 0â

f − a = 0, ��� d = a
â

f = a,
æ�"

d − f = 0.
¯�° § � f�n C

s�­�j�k��
(4)
���

rank(C) = 2
â

rank(D) = 0, ��� b, c, e ¼ e�­�n Û�â a− d, f − a, d − f
¯�¶���*

m�y���������­�n¨Ü�t�� � ����­�n¨æ�"
a, d, f

¯�¶���*�m�·�y�t���¿����
(5)
���

rank(D) = 1.
���

(2), b, c, e
¯�¶���*�m�·�y���� � ����­��¨ 

b 6= 0
¡�n

C
°�s

(ii) $ m���j�k���À	��� rank(C) = 2, ���	# C
��G

1, 5, 6
à�] O ��à H�$ ����­�n¨æ�"
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b[(f − a)(d − f) + b2] = 0.Á�Â�Â
b 6= 0, &�' (f − a)(f − d) = b2.

u�Ã���n¨� § Ü�Ä�t�ä�Å����
(6)
���

rank(D) = 2, ��� b, c, e
¯�¶���*�m�°�²�y�t�� � ����­¬� �³, (

b 6= 0
â

c 6= 0,

��� bc2 6= 0.
À	���

rank(C) = 2.
���

e = 0, ���	# A
��±�¿�j�k

C =

















b c 0

b 0 −e

0 c e

a − d −e −c

e f − a −b

c b d − f

















��G
2, 3, 4

à�] O ��à H�$ n è�Æ�����­�n �
∣

∣

∣

∣

∣

∣

b 0 −e

0 c e

a − d −e −c

∣

∣

∣

∣

∣

∣

= 0 (
è�m

e = 0),
æ�"

−bc2 = 0.
¯

q
bc2 6= 0 º�» n &�' b, c, e ¼ � e�­���Á # rank(C) = 2

��µ�n # C
��G

1, 3, 4
à�Ç�G

2, 3, 5à í G 1, 2, 6
à�] O ��¶���à H�$ n¨è�Æ�È�����­�n¨�

∣

∣

∣

∣

∣

∣

b c 0

0 c e

a − d −e −c

∣

∣

∣

∣

∣

∣

= 0,

∣

∣

∣

∣

∣

∣

b 0 −e

0 c e

e f − a −b

∣

∣

∣

∣

∣

∣

= 0,

∣

∣

∣

∣

∣

∣

b c 0

b 0 −e

c b d − f

∣

∣

∣

∣

∣

∣

= 0.

o���¯�¶���à H�$ n�R�G i
��É�G

i H�Ê�Ë (i = 1, 2, 3), Ì
b(e2 − c2) + ce(a − d) = 0, c(e2 − b2) − be(f − a) = 0, e(b2 − c2) − bc(d − f) = 0.Ç�i�n¨�
bce Í�Î ¯�¶���� $ t�Ï�n¨Û�Ð�!�n Ì

a

b
−

c

e
=

d

b
−

e

c
,

a

c
−

b

e
=

f

c
−

e

b
,

b

c
−

d

e
=

c

b
−

f

e
.

Ý���L�Ê
3,
��"�o

3
��o�p�j�k�ß�à�á�u���������n���������o�p�j�k

A
����*�e

n,
¢��

±�¿�j�k���Þ�e
r,
Ø�±�¿�j�k���Þ�e

r1, ��� ����p (n, r, r1)
e

A Ñ�Ò �c��s # L�Ê 3
��µ�n

*�+
F
Â ¼�Ó 3

��o�p�j�k���Ô���"�á O�¸�H�Õ ä�u�å Q
(3, 0, 0), (3, 2, 0), (3, 2, 1), (3, 2, 2), (3, 3, 0), (3, 3, 1), (3, 3, 2).

Ö�×
A =





a b c

b d e

c e f





s����
3
��o�p�j�k��¨���

A
��å�s

(3, 0, 0), ��� ¢���±�¿�j�k C
s

­�j�k�n¨æ�"
b = c = e = 0,

Û�â
a − d = 0, f − a = 0, d − f = 0. #�' ��µ�n a = d = f , &�'

A = aI ,
�

A
s�����ª�«�j�k�n¨¯�ù

I
s

3
��Ø�Ù�j�k��

�¬�
A
�¬å¬s

(3, 2, 0),
�³�³L¬Ê

3 (4), A
s¬�¬�¬o³W¬j¬k¬n¨è V o³W³X¬Â I³J ·¬y¬t¬�³¿���

���
A
��å�s

(3, 2, 1),
����L�Ê

3 (2) í L�Ê 3 (5), A � y ¸�H ¶�ä�����%�� Q




a b 0

b d 0

0 0 f



, b 6= 0
â

(f − a)(f − d) = b2;





a 0 c

0 d 0

c 0 f



, c 6= 0
â

(d − a)(d − f) = c2;





a 0 0

0 d e

0 e f



, e 6= 0
â

(a − d)(a − f) = e2.
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���
A
��å�s

(3, 2, 2),
����L�Ê

3 (6), A
� I�J b, c, e ¼ � e�­�n¨Û�â

a

b
−

c

e
=

d

b
−

e

c
,

a

c
−

b

e
=

f

c
−

e

b
,

b

c
−

d

e
=

c

b
−

f

e
.

' Ä�n±Ú�ì�L�Ê 3,
��Û ¦ § n ���

A
��å�s

(3, 3, 0), ��� A
s�����o�W�j�k�n è V o�W�XÂ I�J�Ü � ¿�������

A
��å�s

(3, 3, 1), ��� ¢ � y ¸�H ¶�ä�����%�� Q




a b 0

b d 0

0 0 f



, b 6= 0
â

(f − a)(f − d) 6= b2;





a 0 c

0 d 0

c 0 f



, c 6= 0
â

(d − a)(d − f) 6= c2;





a 0 0

0 d e

0 e f



, e 6= 0
â

(a − d)(a − f) 6= e2.

���
A
��å�s

(3, 3, 2), ��� A � y ¸�H�Ý ä�����%�� Q




a b c

b d 0

c 0 f



,





a b 0

b d e

0 e f



,





a 0 c

0 d e

c e f



,





a b c

b d e

c e f



,

è�m
bce 6= 0,

Û�â�o�� q ¶���j�k�n
a, d, f

s�*�+
F
m���´�õ�*�n�o���Þ�Õ�����j�k�n ¸�H ¶��� $ °�²�y���� � O�P�Q

a

b
−

c

e
=

d

b
−

e

c
,

a

c
−

b

e
=

f

c
−

e

b
,

b

c
−

d

e
=

c

b
−

f

e
.

Ç�i�n � ����o�ã���ä�u�å�� 3
��o�p�j�k�n¨¾�¿�q�¢�� ��� ��æ�y

3
��r�o�p�j�k��

ß�Ô Ö�×
A =





a b c

b d e

c e f





s�*�+
F
Â������

3
��o�p�j�k��¨���

A
��å�s

(3, 0, 0), ��� A

s�����ª�«�j�k�n¨æ�"�*�+
F
Â�ã����

3
��r�o�p�j�k�È�q

A
� ��� �

���
A
��å�s

(3, 2, 0), ��� A
��±�¿�j�k�e

C =

















0 0 0

0 0 0

0 0 0

a − d 0 0

0 f − a 0

0 0 d − f

















,

è�m
a− d, f − a, d− f

¯�¶���*�m�y���������­�n Ü�t�� � ����­�� ��s� 
a− d = 0

¡�n [ Ø�Xé���\�]
CX = 0

��b�e
x = k, y = z = 0,

è�m
k
s�*�+

F
m���´�õ�*��:����L�Ê

2,
q

A
� �

� ��æ�y
3
��r�o�p�j�k�e

B =





0 k 0

−k 0 0

0 0 0



, ∀ k ∈ F .
u�Ã���n¨ 

f − a = 0 à d − f = 0
¡�n¨y

B =





0 0 k

0 0 0

−k 0 0



 à B =





0 0 0

0 0 k

0 −k 0



, ∀ k ∈ F .

�¬�
A
�¬å¬s

(3, 2, 1), �¬� rank(C) = 2
â

rank(D) = 1.
�³�³L¬Ê

3 (2) í L¬Ê 3 (5),
 

b 6= 0
¡¬n

A
�¬±¬¿¬j¬k

C
°¬s

(ii) $ m �¬j¬k¬n¨æ³" # C
�³G

1
à í G 5

à³] O �¬j¬k¬n¨�
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(

b 0 0

0 f − a −b

)

,
è�Þ�á����

2.
��s���\�]

CX = 0
q ¸�H ��\�]���b Q

bx = 0, (f − a)y − bz = 0,

&�â è�b�e x = 0, y = kb, z = k(f − a), ∀ k ∈ F .
����L�Ê

2,
q

A
� ��� ��æ�y�r�o�p�j�k�e

B =





0 0 kb

0 0 k(f − a)

−kb −k(f − a) 0



, ∀ k ∈ F .

u�Ã���n¨ 
c 6= 0 à e 6= 0

¡�n¨y

B =





0 k(d − f) 0

−k(d − f) 0 −kc

0 kc 0



, ∀ k ∈ F (iii)

à B =





0 ke k(a − d)

−ke 0 0

−k(a − d) 0 0



, ∀ k ∈ F .

���
A
��å�s

(3, 2, 2), ��� rank(C) = rank(D) = 2.
����L�Ê

3 (6), b, c, e ¼ � e�­�n æ�"
# D

� q t�à�] O ��j�k�n¨�
(

b c 0

b 0 −e

)

,
è�Þ�á����

2.
��s���\�]

CX = 0
q ¸�H ��\�]

bx + cy = 0, bx − ez = 0

��b�n &�â è�b�e x = k
b
, y = −k

c
, z = k

e
, ∀ k ∈ F .

����L�Ê
2,
q

A
� ��� �

3
��r�o�p�j�k�e

B =









0 k
b

−k
c

−k
b

0 k
e

k
c

−k
e

0









, ∀ k ∈ F . (iv)

���
A
��å�s

(3, 3, 0), (3, 3, 1) à (3, 3, 2), ��� rank(C) = 3,
æ�"���\�]

CX = 0
·�y�­

b�n &�' q A
� ��� ��r�o�p�j�k�·�ã�s

3
��­�j�k��

ä
1.
(

A1 =





5 0 −6

0 1 0

−6 0 10





â
A2 =





2 1 3

1 2 3

3 3 10



,
Û�(

A3 =





2 3 0

3 5 0

0 0 7



, K A1, A2, A3

È�s

3
��o�p�j�k�n¨¢�����±�¿�j�k�á�)�e

C1 =

















0 −6 0

0 0 0

0 −6 0

4 0 6

0 5 0

−6 0 −9

















, C2 =

















1 3 0

1 0 −3

0 3 3

0 −3 −3

3 8 −1

3 1 −8

















, C3 =

















3 0 0

3 0 0

0 0 0

−3 0 0

0 5 −3

0 3 −2

















.

¤�¥ S ¿�n A1

��±�¿�j�k�q�Ø�±�¿�j�k�n¨è�Þ�á�)�e
2 í 1,

æ�"
A1

��å�e
(3, 2, 1).

����å $
(iii),

i�*�+
F
Â�n¨q

A1

� ��� ��æ�y
3
��r�o�p�j�k�e





0 k(1 − 10) 0

−k(1 − 10) 0 −k(−6)

0 k(−6) 0



,
� 



0 −9k 0

9k 0 6k

0 −6k 0



, ∀ k ∈ F .

è�Ø�n ��Û ­�®�n
A2

��±�¿�j�k�q�Ø�±�¿�j�k�n¨è�Þ�È�s
2,
æ�"

A2

��å�e
(3, 2, 2).

����å $
(iv),

i�*�+
F
Â�n¨q

A2

� ��� ��æ�y
3
��r�o�p�j�k�e
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







0 k −k
3

−k 0 k
3

k
3

−k
3

0









, ∀ k ∈ F .

Á�Ø�n ¸ õ�¹
C3

s H � Þ���n &�'�[ Ø�X�é���\�] C3X = 0
·�y�­�b��æ����L�Ê

2,
q

A3

� �
� �

3
��r�o�p�j�k�·�ã�s

3
��­�j�k��

ç�è�é�ê
[1] ë/ì/í C&' < C/î/ï ( ð/ñ/ò ) [M]. ó/ô 25< C 8/9 3 ò:õ 8 1999.

[2] ó/ô/ö =/ï/=/÷/ø:ù&4:î:ï 8:ú/û:ü î:ï:ý/þ/' < C/î:ï ( ð/ÿ/ò ) [M]. ó/ô 25< C 8/9 3 ò:õ 8 2003.

Anti-Symmetric Matrices Which Are

Commutative with Symmetric Matrices

HUANG Yi-Sheng, YAO Hai-Lu

(Department of Mathematics And Computer Science, Sanming College, Sanming, Fujian 365004)

Abstract. In this paper, we introduce the concepts of the induced matrix and sub-induced

matrix of a symmetric matrix, and obtain two equivalent conditions that an n-order symmetric ma-

trix and an n-order anti-symmetric matrix are commutative. At the same time, using the ranks of

induced matrix and sub-induced matrix, we give a partition of 3-order symmetric matrices. Moreover,

for each class of 3-order symmetric matrices, we find all 3-order anti-symmetric matrices which are

commutative with this class of matrices.

Key words. symmetric matrix; anti-symmetric matrix; commutativity; induced matrix; sub-

induced matrix.
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